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Abstract
For a family of group-words w we prove that the class of all groups G satisfying the identity
wn ≡ 1 and having the verbal subgroup w(G) locally nilpotent is a variety. c© 2002 Elsevier
Science B.V. All rights reserved.
MSC: Primary 20E10; secondary 20F40
1. Introduction
The solution by Zel’manov of the Restricted Burnside Problem [11,12] had a pro-
found impact on further development of group theory; an extensive research around the
Restricted Burnside Problem has been carried out by many people in di9erent places.
It was discovered that the methods involved in the solution of the Restricted Burnside
Problem can be very e9ective in treatment of other problems (see for example [7,14]).
Using Zel’manov’s techniques in various situations, it is natural to closely look again
at the Restricted Burnside Problem. In the present paper we discuss certain general-
izations of the Restricted Burnside Problem. It is well known that the solution of the
Restricted Burnside Problem is equivalent to each of the following statements:
1.1. The class of locally !nite groups of exponent n is a variety.
1.2. The class of locally nilpotent groups of exponent n is a variety.
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The equivalence of the two above results follows from the famous Hall–Higman
reduction theorem [1].
A variety is a class of groups deGned by equations. More precisely, if W is a set of
words in x1; x2; : : : ; the class of all groups G such that W (G)= 1 is called the variety
determined by W . By a well-known theorem of Birkho9 varieties are precisely classes
of groups closed with respect to taking quotients, subgroups and cartesian products
of their members. If w is a word in variables x1; : : : ; xt we think of it primarily as a
function of t variables deGned on any given group G. We denote by w(G) the verbal
subgroup of G generated by the values of w. The word w is commutator if the sum of
the exponents of any variable involved in w is zero. The present paper is concerned
with the following questions.
Problem 1.3. Let n¿ 1 and w a group-word. Consider the class of all groups G
satisfying the identity wn ≡ 1 and having w(G) locally !nite. Is that a variety?
Problem 1.4. Let n¿ 1 and w a group-word. Consider the class of all groups G
satisfying the identity wn ≡ 1 and having w(G) locally nilpotent. Is that a variety?
According to the solution of the Restricted Burnside Problem the answer to the above
questions is positive if w(x)= x. In fact it is easy to see that the answer is positive
whenever w is any non-commutator word. Indeed, suppose w(x1; : : : ; xt) is such a word
and that the sum of the exponents of xi is r =0. Now, given any group G satisfying
the identity wn ≡ 1, substitute the unit for all the variables except xi and an arbitrary
element g∈G for xi. We see that gr is a w-value for all g∈G. Hence G satisGes the
identity xnr ≡ 1, that is G has Gnite exponent. It is now not diJcult to see that results
1:1 and 1:2 imply positive answers to 1:3 and 1:4.
Hence, Problems 1:3 and 1:4 are essentially about commutator words. It is not known
whether Problems 1:3 and 1:4 are equivalent. In this paper we will work with multilin-
ear commutators. A word w will be called a multilinear commutator of weight t if it
has form of a multilinear Lie monomial in precisely t independent variables. Particular
examples of multilinear commutators are the derived words, deGned by the equations
0(x)= x;
k(x1; : : : ; x2k )= [k−1(x1; : : : ; x2k−1 ); k−1(x2k−1+1 : : : ; x2k )];
and the lower central words
1(x)= x;
k+1(x1; : : : ; xk+1)= [k(x1; : : : ; xk); xk+1]:
If a group G possesses a normal series of Gnite length all of whose quotients are
locally nilpotent we denote by h(G) the minimal number h with the property that G
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has such a normal series of length h (the number h is called the Hirsch–Plotkin height
of G). To formulate the main result of the present paper let us, for positive integers h; n
and a word w, denote by X(w; n; h) the class of all groups G such that h(w(G))6 h
and G satisGes the identity wn ≡ 1.
The main result of this paper is the following theorem that gives a partial positive
answer to Problems 1:3 and 1:4.
Theorem 1.5. Let w be a multilinear commutator. Then for any positive integers h; n
the class X(w; n; h) is a variety.
The particular case of the above theorem when w= k is a lower central word was
proved in [9]. Also, some related results have been obtained in [8].
2. Associated Lie algebras
In this section we brieMy describe some Lie-theoretic machinery necessary for the
proof of Theorem 1.5. Zel’manov’s Theorem 2.4 can be accurately characterized as a
quintessence of the Lie-theoretic part of the solution of the Restricted Burnside Problem.
Moreover, it has provided a clue for solving a number of other group-theoretic problems
(see for example [7,14]).
If X ⊆ G is any subset of a group G, by a commutator in elements of X we mean
any element of G that could be obtained from elements of X by means of repeated
operation of commutation with an arbitrary system of brackets including the elements
of X . In particular, the elements of X are viewed as commutators with the empty
system of brackets. Let G be a Gnite p-group. The terms of the lower central series
of G will be denoted by j(G). Write Di =Di(G)=
∏
jpk¿i j(G)
pk . The subgroups
Di form a central series of G known as the Zassenhaus–Jennings–Lazard series (see
[2, Chapter 8]). Set L(G)=
⊕
Di=Di+1. Then L(G) can naturally be viewed as a Lie
algebra over the Geld Fp with p elements. In fact L(G) even has the structure of a
restricted Lie algebra (Lie p-algebra) but we will treat it as just a Lie algebra. Let us
denote by Lp(G) the subalgebra of L(G) generated by D1=D2. Fix a positive number
c, and assume that G is generated by a1; a2; : : : ; am. Let 1; 2; : : : ; s be the list of all
commutators in a1; a2; : : : ; am of weight at most c. Here s obviously is {c; m}-bounded.
The following lemma is implicit in Zel’manov [13, p. 71]. A detailed proof can be
found in [7, Proposition 2:11].
Lemma 2.1. If Lp(G) is nilpotent of class c then the group G can be written as a
product G= 〈1〉〈2〉 · · · 〈s〉 of cyclic subgroups generated by the j’s.
Let x∈G, and let i= i(x) be the largest integer such that x∈Di. We denote by x˜
the element xDi+1 ∈L(G).
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Lemma 2.2 (Lazard [5, p. 131]). For any x∈G we have (ad x˜)p=ad(x˜p). In particular;
if xn=1 then x˜ is ad-nilpotent of index at most n.
Recall that an element of a Lie algebra is ad-nilpotent of index n if the corresponding
adjoint operator of the Lie algebra is nilpotent of index n. Any group law that holds in
G implies certain polynomial identity in the algebra Lp(G). In Wilson and Zel’manov
[10, Theorem 1] one can Gnd a description of an e9ective algorithm allowing to write
explicitly the polynomial identity when the group law is given. Thus, we have
Lemma 2.3. Let G be a group satisfying an identity w ≡ 1. Then there exists a
non-zero Lie polynomial f whose form depends only on p and w such that the
algebra Lp(G) satis!es the identity f ≡ 0.
In view of Lemma 2.1, it is extremely important to have criteria for a Lie algebra
to be nilpotent of bounded class. The following result was proved in [4, Corollary of
Theorem 4] using a profound theorem of Zel’manov [13, III(0.4)].
Theorem 2.4. Let L be a Lie algebra over Fp generated by m elements a1; a2; : : : ; am.
Assume that L satis!es the identity f ≡ 0 and that each monomial in the gen-
erators a1; a2; : : : ; am is ad-nilpotent of index at most n. Then L is nilpotent of
{f;m; n}-bounded class.
3. The case of k-commutators
The goal of this section is to prove Theorem 1.5 in the particular case that w= k
is a derived word.
Lemma 3.1. Let G be any group and H a subgroup generated by a set of k -commu-
tators. Then for any s¿ 0 the sth derived group H (s) of H is generated by a set of
k -commutators.
Proof. Arguing by induction on s assume that s¿ 1 and that H (s−1) is generated by a
set of k -commutators a1; a2; : : : . But then H (s) is of course generated by the conjugates
in H (s−1) of the commutators [ai; aj]; i; j=1; 2; : : : . Clearly, [ai; aj] is a k -commutator
for any i; j.
A group is said to be m-generated if it has a generating set of at most m elements.
Lemma 3.2. Let G be a group with the identity nk ≡ 1. Let H be a nilpotent subgroup
of G generated by a set of k -commutators. Assume that H is in fact m-generated
for some m¿ 1. Then the order of H is {k; n; m}-bounded.
Proof. Since H is nilpotent, it is clear that H is Gnite and any prime divisor of |H | is
a divisor of n. Hence, it is suJcient to bound the order of the Sylow p-subgroup of H
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for any prime p dividing n. Write H =P×Op′(H), where P is the Sylow p-subgroup
of H . Let a1; a2; : : : be the k -commutators of G contained in H , and for any i we
write ai = bixi, where bi ∈P and xi ∈Op′(H). Then P= 〈b1; b2; : : :〉. Since P is a Gnite
m-generated p-group, the Burnside Basis Theorem shows that P is actually generated
by some m elements in the list b1; b2; : : : . Without any loss of generality, we will
assume that P= 〈b1; b2; : : : ; bm〉. Let q be the maximal power of p dividing n. Clearly,
the order of any bi divides q. Moreover, since [bi; bj] is again in the list b1; b2; : : : ;
it follows that any commutator in b1; b2; : : : has order dividing q. Let L=Lp(P). We
know that the the identity nk ≡ 1 holds in P so it follows by Lemma 2.3 that there
exists a non-zero Lie polynomial f over Fp, whose form depends only on k and n,
such that the algebra Lp(P) satisGes the identity f ≡ 0.
Consider an arbitrary Lie monomial " in the generators b˜1; b˜2; : : : ; b˜m of Lp(P) and
let  be the group commutator in b1; b2; : : : ; bm having the same arrangement of brackets
as ". The deGnition of Lp(P) yields that either "=0 or "= ˜. Since q=1, Lemma
2.2 implies that " is ad-nilpotent of index at most q. Theorem 2.4 now says that Lp(P)
is nilpotent of class depending only on k; n; m. Combining this with Lemma 2.1 we
conclude that there exists a {k; n; m}-bounded number s such that P can be written as
a product of at most s cyclic subgroups each of order at most q. Therefore P is of
order at most qs, as required.
Lemma 3.3. Let G ∈X(k ; n; h). Let a1; a2; : : : as ∈G be k -commutators. Then the
order of the subgroup H = 〈a1; a2; : : : as〉 is {h; k; n; s}-bounded.
Proof. Let F be the product of all normal locally nilpotent subgroups of G (the Hirsch–
Plotkin radical of G). It is easy to see that G=F ∈X(k ; n; h−1). Arguing by induction
on h we assume that the image of H in G=F has Gnite {h; k; n; s}-bounded order. It
follows that for some {h; k; n; s}-bounded number r¿ 0 the rth derived group H (r) of
H is contained in F . Lemma 3.1 shows that each derived group H (i) of H is generated
by k -commutators. It follows that H=H (r) has exponent dividing nr and therefore the
index of H (r) in H is {h; k; n; s}-bounded. Thus, we conclude that H (r) is m-generated
for some {h; k; n; s}-bounded number m. Again by Lemma 3.1, H (r) is generated by
k -commutators. Hence, since H (r) is nilpotent, Lemma 3.2 shows that the order of
H (r) is {h; k; n; s}-bounded. Since this is also true for the index of H (r) in H , the result
follows.
Lemma 3.4. Let h be a positive integer and w a word. Assume {G$; $∈%} is a family
of groups such that h(w(G$))6 h for each $∈%. Let G be the cartesian product of
the groups G$. Assume that w(G) is locally !nite. Then h(w(G))6 h.
Proof. By a simple inverse limit argument along the lines of Kegel and Wehrfritz
[3, p. 54], it is suJcient to show that h(K)6 h for any Gnitely generated subgroup K
of w(G). Since G is the cartesian product of the groups G$, it is easy to see that for
any Gnite set X of non-trivial elements of G there exists a normal subgroup N such
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that X ∩N = ∅ and h(w(G=N ))6 h. But then the lemma is immediate since the Gnitely
generated subgroup K is Gnite.
Proposition 3.5. The class X=X(k ; n; h) is a variety.
Proof. The class X is obviously closed with respect to taking quotients and subgroups
of its members. Hence, we only need to show that if D is a cartesian product of
groups from X then D∈X. Of course, the identity nk ≡ 1 holds in D so it remains
only to show that h(D(k))6 h. By Lemma 3.4 it is suJcient to prove that D(k) is
locally Gnite. Let T be any Gnite subset of D(k). Clearly, one can Gnd Gnitely many
k -commutators g1; : : : ; gm ∈D such that T ⊆ 〈g1; : : : ; gm〉. Thus, it is suJcient to show
that the subgroup H = 〈g1; : : : ; gm〉 is Gnite. Note that D residually belongs to X. If Q
is any quotient of D such that Q∈X, by Lemma 3.3 the order of the image of H in
Q is Gnite and {k; n; m}-bounded. So it follows that actually the order of the image of
H in Q does not depend on Q. We conclude that H is Gnite, as required.
4. The general case
The following two lemmas are taken from [8]. Their proofs are provided for the
reader’s convenience.
Lemma 4.1. Let G be a group; w a multilinear commutator of weight t. Then every
t-commutator in G is a w-value.
Proof. The case t=1 is quite obvious so we assume that t¿ 2 and use induction on
t. Write w= [w1; w2], where w1 and w2 are multilinear commutators of weight t1 and
t2, respectively, t1 + t2 = t, and the variables involved in one of the words w1; w2 do
not occur in the other. Let t0 be the maximum of t1; t2. By the induction hypothesis
any t0 -commutator in G is a w1-value as well as a w2-value. Since w= [w1; w2], it
follows that the set of w-values contains the set of elements of the form [x; y], where
x; y range independently through the set of t0 -commutators. Hence any commutator
of t0 -commutators represents a w-value. It remains to remark that t0 + 16 t so the
lemma follows.
Let w be a multilinear commutator of weight t. In the next lemma we will require
the concept of a subcommutator of weight s6 t of w. This can be deGned by backward
induction on s in the following way. The only subcommutator of weight t of w is w
itself. If s6 t − 1, a multilinear commutator v of weight s is a subcommutator of w
if and only if there exists a subcommutator u of weight ¿s of w and a multilinear
commutator v1 such that either u= [v; v1] or u= [v1; v]. It is quite obvious that if v is
a subcommutator of w then w(G)6 v(G) for any group G.
Lemma 4.2. Let w be a multilinear commutator; G a solvable group in which all
w-values have !nite order. Then the verbal subgroup w(G) is locally !nite.
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Proof. Let G be a counter-example whose derived length is as small as possible, and
let T be the last non-trivial term of the derived series of G. Passing to the quotient
over the subgroup generated by all normal locally Gnite subgroups of G we can assume
that G has no non-trivial normal locally Gnite subgroups. Since T is abelian, it follows
that no w-value lies in T \ {1}. Let s= s(w;G) be the smallest number such that any
subcommutator of weight s of w has no values in T \ {1}. Obviously, s¿ 2 since
T =1. We can choose a subcommutator v= [v1; v2] of weight ¿ s of w such that both
v1 and v2 are subcommutators of weight ¡s, at least one of which having non-trivial
values in T \ {1}. Let Hi be the subgroup of T generated by the vi-values contained
in T ; i=1; 2. By the choice of v at least one of these subgroups is non-trivial. Since
v has no values in T \ {1}, it follows that H16CG(v2(G)) and H26CG(v1(G)).
Taking into account that w(G)6 u(G) for any subcommutator u of w we conclude
that H1 and H2 centralize the verbal subgroup w(G). Hence both subcommutators v1
and v2 have no non-trivial value in the image of T in G=CG(w(G)). This shows that
s(w;G=CG(w(G)))6 s− 1. The induction on s(w;G) now shows that w(G)=Z(w(G)),
the image of w(G) in G=CG(w(G)), is locally Gnite. Then, by Schur’s Theorem, the
derived group of w(G) is locally Gnite [6, Part 1, Corollary to Theorem 4:12]. But
then w(G), being a group generated by elements of Gnite order, must be locally Gnite.
Proof of Theorem 1.5. The class X(w; n; h) is obviously closed with respect to taking
quotients and subgroups of its members. Hence, it is suJcient to show that if D is a
cartesian product of groups from X(w; n; h) then D∈X(w; n; h). Of course, the identity
wn ≡ 1 holds in D so it remains only to prove that h(w(D))6 h. By Lemma 3.4 it is
suJcient to establish that w(D) is locally Gnite.
By Lemma 4.1 there exists a number t such that the identity nt ≡ 1 holds in
any group that belongs to X(w; n; h). Also, if G ∈X(w; n; h), we have G(t)6w(G) so
h(G(t))6 h. It follows from Proposition 3.5 that D∈X(t ; n; h). By Lemma 3.3 this
implies that D(t) is locally Gnite. Now, applying Lemma 4:2 with D=D(t) in place of
G, we conclude that w(D) is locally Gnite, as required.
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